Residual stresses in a thin film deposited on a substrate results in a curvature of the system, which can be measured using the well known Stoney equation. Isotropic elasticity of the substrate along with infinitesimal strains and rotations are two important assumptions used in the derivation of the Stoney equation. However, the transverse deflection in the substrate contributes significantly to the extensional strain in its plane, leading to non-linearity in its deformation. Moreover, Silicon wafers are predominantly used as substrate materials to measure the curvature of the system. In this paper, relations between normalized substrate curvature and normalized thin film mismatch are derived in the non-linear deformation regime, for substrates made of single crystal Si(001) and Si(111) wafers. Numerical results of curvature of thin film configurations with Si(001) and Si(111) wafer substrates, undergoing large deformations are presented and discussed.
I. INTRODUCTION
The thin film -substrate configuration assumes a curvature due to a mismatch strain (e.g., elastic, thermal) between the film and the substrate. The curvature of such systems can be expressed in terms of the residual stress present in the film through the Stoney equation 1 .
where σ f is the equi-biaxial residual stress in the film, κ is the uniform spherical curvature of the film-substrate configuration, h f is the film thickness and h s is the thickness of the substrate. Eq. 1 assumes the substrate material to be elastically isotropic with E s being its modulus of elasticity and ν s being the Poisson's ratio. Several assumptions 2, 3 are made while deriving Eq. (1) . Assumptions that the strains and rotations are infinitesimally small and that the substrate material is elastically isotropic will be relaxed in this paper. Modifications to the original Stoney equation have been gaining importance since its first appearance. This is evident from papers published in recent years addressing or enhancing its accuracy using improved methods [4] [5] [6] to extending it to a nonuniform stress state 7 . Modified curvature relations were proposed by Nix 8 , which use Silicon wafer substrates. Later, the modified Stoney equation considering thin and elastically isotropic substrates was derived by Freund et al. 2 . The equation that relates the substrate curvature to the thin film mismatch in the non-linear deformation range for elastically isotropic and thick substrates is given by Freund
where S is the normalized mismatch strain in the film and K is the normalized curvature. Stresscurvature relations for thick and anisotropic substrates in the small deformation regime were derived by Janssen et al. 9 . The stress-curvature relation for Si(001) wafers is given by
The stress-curvature relation for Si(111) wafers is given by
where s
Si ij are elements of the compliance matrix of Si. The anisotropy in material properties may lead to anisotropy in the stress state 10 . But the discussion in this paper is restricted to a system in which the film is under the influence of an equibiaxial stress.
A. Scope of the paper (3) and (4) with respect to numerical results are discussed, in a broad range of thin film mismatch.
II. MATHEMATICAL FORMULATION AND DERIVATION
In this section, a circular film-substrate system is analyzed with the assumption of uniform curvature for simple analytical treatment. However, it is to be noted that the curvature of the system in the non-linear deformation regime varies across the plane of the substrate 12 . This variation is captured by the numerical results presented in the next section and is compared with the derived result. The stress distribution across the film thickness is assumed to be uniform. the cross sectional view of the thin film system. h s , h f and R represent the thickness of the substrate, thickness of the film and radius of the circular system, respectively. Deformation in the configuration is measured using a cylindrical coordinate system (r,θ,z). The origin of the coordinate system is considered to be at the intersection of the substrate mid-plane and the axis of symmetry of the system. In this work, a radially symmetric deformation is considered due to the uniformity in film stress and the circular substrate geometry. The radial stress (σ rr ) and the circumferential stress (σ θθ ) are the only non zero components of stress in the substrate and film because the deformation is axially symmetric and the out-of-plane stress (σ zz ) is assumed to be negligible. Hence, the elastic strain energy density in the film and substrate materials can be represented as
where rr and θθ are the radial and circumferential strain components, respectively. Let the radial and transverse displacements at a point on the substrate mid-plane be represented by u(r) and w(r), respectively. Then, rr and θθ for large deformations can be written as
In Eq. (6), the derivatives are considered with respect to the radial coordinate, r. The misfit strain in the system, m , is assumed to be accommodated in the film alone 2 . Furthermore, the formulation assumes large rotations but small strains.
A. Curvature-mismatch relation for thin Si(001) wafer substrate
In the Si(001) wafer, the plane of the wafer is perpendicular to the [001] direction, which is along the z-axis of the deformation coordinate system. The r and θ directions of the deformation coordinate axes are represented by two orthogonal directions in the plane of the single crystal wafer. Hence, the crystallographic axes of the Si(001) wafer also coincide with the axes of deformation. The stress and strain tensors are related through the elastic stiffness matrix as 
Here σ ij : components of stress tensor, c ij : elastic stiffness constants of Si and ij : components of strain tensor.
In the substrate material, from Eq. (7) σ zz = c 11 rr + c 12 θθ + c 11 zz = 0, 
From equations (5), (8) and (9), the elastic strain energy density in the substrate material can be written as 
In order to preserve the uniform curvature (κ) assumption, the parametric forms for the substrate mid-plane deflections are adopted as
Substituting Eq. (11) in Eq. (6) results in
Using Eq. (12) 
For the elastically isotropic film, the strain energy density, U f (r, z) for the plane stress case can be written as
where ν f and E f denote the Poisson's ratio and the Young's modulus of elasticity of the film material, respectively. Substituting Eq. (12) in Eq. (14) results in 
The total potential energy of the system in terms of 0 , 1 and κ is given by
For the equilibrium condition of stationary potential energy to hold, ∂V /∂κ, ∂V /∂ 0 and ∂V /∂ 1 must be equal to zero. The potential energy of the substrate material can be written as
The potential energy of the film material can be written as
Solving ∂V /∂ 0 = 0 and ∂V /∂ 1 = 0 for 0 and 1 in terms of κ, and substituting them back in ∂V /∂κ = 0 gives the desired expression for the curvature. These equations have been simplified for an analogous case when the substrate material is isotropic and h f /h s 1, by Freund 3 . Extending the same approach to the case when the substrate material is made from Si(001) wafer, the condition for stationary potential energy results in
where 
Rewriting equations (21) and (22) forσ rr andσ θθ
From equations (5) 
In equations (20) and (26), the film may be anisotropic or isotropic. For an anisotropic film, an appropriate biaxial modulus may be used in the place of M f to calculate the normalized mismatch strain S.
III. NUMERICAL RESULTS AND DISCUSSION
The deformations are studied with simulations performed using commercial finite element software Abaqus 14 . The thin-film configuration is modeled using four-noded composite shell elements. This choice allows a distribution in material properties across the thickness of the shell.
The geometric non-linearities due to large rotations (but small strains) are also accounted for in the simulation. In Fig. 1 , the parameters h s /h f and R/h s are fixed at 20 and 50, respectively.
Following this, the undeformed radius of the system is chosen to be 10 mm. The mismatch strain is provided to the system in the form of thermal mismatch. For the ease of numerical simulation, the film and substrate materials in both cases have been chosen to have identical mechanical properties, but varying thermal expansion coefficients. In Fig. 2 , the thermal expansion coefficient of the bottom layer is taken to be 10 −5 /°C and that of the top layer is set at 0/°C, while both layers are subjected to the same temperature rise to produce the appropriate mismatch strain (note that the mismatch strain ultimately depends on the difference and not the individual thermal expansion coefficients of each layer). Also, the ratio of biaxial moduli (M f /M s ) is one in each simulation. (20) and (26), respectively. k (3) and k (4) are curvatures obtained from equations (3) and (4), respectively. In figures 5(a) and 5(b), k F EA is the curvature estimated from the finite element simulations for Si(001) and Si(111) wafer substrates, respectively.
k F EA is calculated by taking the average of curvatures for a given mismatch strain, over the four equally spaced radii starting from the substrate centre. It can be observed that the deviations are much larger for curvatures obtained from equations (3) and (4) when compared to equations (20) and (26) 
IV. CONCLUSIONS
Normalized curvature-mismatch relations are derived for thin films bonded to anisotropic substrates (equations (20) and (26)) undergoing large deformations. The equilibrium condition of stationary potential energy is used in order to arrive at these equations. Equations (20) and (26) can be used also for elastically anisotropic films by substituting an appropriate biaxial modulus for M f , depending on the material. The formulae derived for large deformations along with existing expressions for small deformations for anisotropic substrates are compared with numerical results obtained using Abaqus FEA. Furthermore, the curvature obtained from the numerical data is almost uniform across the radius of the substrate for normalized mismatch (S) values within 0.3, for both Si(001) and Si(111) substrates. The direction dependence of curvature in anisotropic substrates is evident from the observation that non-uniformity in substrate curvature occurs at a smaller mismatch strain when compared to isotropic substrates. The analytical formulae derived for large deformations (equations (20) and (26)) match the finite element results better, when compared to the formulae derived by Janssen et al. 9 , which were derived in the small deformation regime.
